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Abstract: We introduce on-shell variables for Heavy Particle Eective Theories (HPETs)
with the goal of extending Heavy Black Hole Eective Theory to higher spins and of fa-
cilitating its application to higher post-Minkowskian orders. These variables inherit the
separation of spinless and spin-inclusive eects from the HPET elds, resulting in an ex-
plicit spin-multipole expansion of the three-point amplitude for any spin. By matching
amplitudes expressed using the on-shell HPET variables to those derived from the one-
particle eective action, we nd that the spin-multipole expansion of a heavy spin-s parti-
cle corresponds exactly to the multipole expansion (up to order 2s) of a Kerr black hole,
that is, without needing to take the innite spin limit. Finally, we show that tree-level
radiative processes with same-helicity bosons emitted from a heavy spin-s particle exhibit
a spin-multipole universality.
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1 Introduction
The relationship between quantum scattering amplitudes and classical physics has enjoyed
a surge of attention in recent years, in large part due to the observation of gravitational
waves by the LIGO and Virgo collaborations as of 2015 [1]. Motivating studies in this
direction has been the realization that perturbative techniques from quantum eld theory
are well suited to the computation of the complementary post-Newtonian (PN) and post-
Minkowskian (PM) expansions of the binary inspiral problem in General Relativity (GR).
Indeed, the eective eld theory (EFT) of GR [2, 3] has been used extensively to com-
pute classical corrections to the gravitational potential [3{11]. Furthermore, eective-eld-
theoretic methods have been used to develop EFTs for gravitationally interacting objects
whose operator expansions are tailored to computing terms in the PN approximation [12{
16]. In fact, using EFT methods, the entire 4PN spinless conservative dynamics were
derived in refs. [17, 18], and the computation of the 5PN spinless conservative dynamics
was approached in refs. [19, 20]. Including spin, the current state-of-the-art computations
from the PN approach were performed in refs. [21, 22] using the EFT of ref. [14].
On the PM side, it has also recently been shown that quantum scattering amplitudes
can be used to extract fully relativistic information about the classical scattering pro-
cess [23{32, 73, 74]. Moreover, a direct relationship between the scattering amplitude and
the scattering angle has been uncovered in refs. [33{36].1 All of these developments suggest
that the 2 ! 2 gravitational scattering amplitude encodes information that is crucial for
the understanding of classical gravitational binary systems, to all loop orders [2, 37].
Various methods exist for identifying the classical component of a scattering ampli-
tude [9, 10, 30, 31]. Towards this same end, Heavy Black Hole Eective Theory (HBET)
was recently formulated by Damgaard and two of the present authors in ref. [38] with
the aim of streamlining the extraction of classical terms from gravitational scattering am-
plitudes. It was shown there that the operator expansion of HBET is equivalent to an
expansion in ~. Exploiting this fact, the authors were able to identify which HBET oper-
ators can induce classical eects at arbitrary loop order, and the classical portion of the
2 ! 2 amplitude was computed up to one-loop order for spins s  1=2. These results
were obtained using Lagrangians and Feynman diagram techniques which, while tractable
at the perturbative orders and spins considered, become non-trivial and computationally
unwieldy to extend to higher spins or loop orders. Nevertheless, the separation of classical
and quantum eects and the observed separation of spinless and spin-inclusive eects are
desirable features of the EFT that will prove quite convenient when cast as part of a more
user-friendly formalism.
We aim in this paper to present such a formalism that will allow the extension of
HBET to higher spins and to facilitate its application to higher loop orders. A means
to do so comes in the formalism presented in ref. [39]. Spinor-helicity variables were
presented there that describe the scattering of massive matter with arbitrary spin. Based
solely on kinematic considerations, these variables were used to construct the most general
three-point amplitude for a massive spin-s particle emitting a massless boson with a given
1We thank Andrea Cristofoli for bringing earlier work on this relationship to our attention.
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helicity.2 In this most general amplitude, the term that is best behaved in the UV limit
is termed the minimal coupling amplitude. When s  1=2 it reduces to the three-point
amplitude arising from the relevant Lagrangian that is minimally coupled in the sense
of covariantized derivatives. This terminology is preserved for higher spins; the minimal
coupling amplitude for a general spin-s particle is a tensor product of 2s factors of spin-
1/2 minimal coupling amplitudes. Note that this denition of minimal coupling generally
diers from the typical denition from the Lagrangian perspective. Phenomenologically,
these minimal coupling amplitudes are those that produce a gyromagnetic ratio of g = 2
for all spins [11, 42, 43].
This minimal coupling amplitude has proven to be quite useful in the study of classical
Kerr black holes, which have been shown to couple minimally to gravity [10, 11, 25, 32,
44, 45]. Such a description of Kerr black holes is in fact not immediately exact when
using the variables of ref. [39] due to the dierence between the momenta of the initial and
nal states, leading to an ill-dened matrix element of the spin-operator. This gap has
been overcome using various methods in the above references. However we will show that
expressing the degrees of freedom of HBET in on-shell variables reduces the discrepancy
to a mere choice of the kinematics. The appropriate kinematics can sometimes be imposed
(when a process is described by diagrams with no internal matter lines), but are always
recovered in the classical limit; ~! 0.
In this paper, we express the asymptotic states of Heavy Particle Eective Theories
(HPETs) | the collection of eective eld theories treating large mass particles | using
the massive on-shell spinor-helicity variables of ref. [39]. An explicit ~ expansion will arise
from these variables, which makes simple the task of taking classical limits of amplitudes.
Such an expression of the asymptotic states of HPET will also lead to an explicit separation
of spinning and spinless eects in the three-point minimal coupling amplitude. From the
lens of the classical gravitational scattering of two spinning black holes, this results in the
nding that the asymptotic states of HPET are naturally identied with a Kerr black hole
with truncated spin-multipole expansion.
Our construction will also allow us to gain insight into this class of eective eld
theories. We will derive a conjecture for the three-point amplitude arising from an arbitrary
HPET, and posit a form for this same amplitude for heavy matter of any spin. Then, in the
appendices, we comment on the link between reparameterization invariance of a momentum
and its little group, and nally compute the operator projecting onto a heavy particle of
spin s  2, the derivation of which can be extended to general spin.
The layout of this paper is as follows. We begin with a very brief review of HPETs
in section 2. Also, we introduce on-shell variables that describe the heavy eld. The
three-point amplitudes of HPETs are analyzed in section 3. In particular, we construct
the three-point amplitude of HPET resummed to all orders in the expansion parameter.
Furthermore, the construction of ref. [39] provides a method of extending HPET amplitudes
to arbitrary spin. In section 4, we interpret the on-shell HPET variables as Kerr black holes
2For alternative approaches to the application of spinor-helicity variables to massive spinning particles
see e.g. refs. [40, 41].
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with truncated spin-multipole expansions, and show that heavy spin-s particles possess the
same spin-multipole expansion as a Kerr black hole, up to the 2sth multipole. This is in
contrast to previous work [11, 45], which found that minimally coupled particles possess
the same spin multipoles as Kerr black holes only in the innite spin limit. Section 5 is
dedicated to the computation of on-shell amplitudes, and we show the simplicity of taking
the classical limit of an amplitude when it is expressed in on-shell HPET variables. The
main body of the paper is concluded in section 6. Our conventions are summarized in
appendix A. The question of the uniqueness of the constructed variables is addressed in
appendix B. We then relate the little group of a momentum p to its invariance under the
HPET reparameterization (see section 2) in appendix C. In appendix D we use spin-s
polarization tensors for heavy particles to explicitly construct propagators and projection
operators for heavy particles with spins s  2. We then use these results to conjecture the
forms of the projection operators for arbitrary spin. Finally, we describe in appendix E
the forms of the spin-1/2 HPET Lagrangians that must be used to match to the on-shell
minimal coupling amplitudes. We also show there that the three-point amplitude derived
from a Lagrangian for a heavy spin-1 particle is reproduced by the extension of the variables
to arbitrary spin in section 3.
2 Eective theories with heavy particles
When describing a scattering process in which the transfer momentum, q, is small com-
pared to the mass of one of the scattered particles, m, we can exploit the separation of scales
by expanding in the small parameter jqj=m. Heavy Quark Eective Theory (HQET) [46{48]
is the eective eld theory that employs this expansion in the context of QCD, with HBET
being its gravitational analog. Central to the separation of scales is the decomposition of
the momentum of the heavy particle as
p = mv + k; (2.1)
where v is the (approximately constant) four-velocity (v2 = 1) of the heavy particle, and
k is a residual momentum that parameterizes the energy of the interaction; it is therefore
comparable in magnitude to the momentum transfer, jkj  jqj. When decomposed in
this way, the on-shell condition, p2 = m2, is equivalent to
v  k =   k
2
2m
: (2.2)
As was argued in ref. [38], using results from ref. [30], the residual momentum scales with
~ in the limit ~! 0. We discuss the counting of ~ in sectiom 5.1.
With some background about the construction and motivation behind HPETs, we
introduce in this section on-shell variables that describe spin-1/2 HPET states. Then, the
transformation of these variables under a reparameterization of the momentum eq. (2.1) is
given. We end the section by dening the spin operator for heavy particles.
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2.1 On-shell HPET variables
The spinors uIv(p) that describe the particle states of HPET are related to the Dirac spinors
uI(p) via [38]
uIv(p) =

I+ =v
2

uI(p) =

I  =k
2m

uI(p); (2.3)
where I is an SU(2) little group index, and v and k are dened in eq. (2.1). The operator
P+  1+=v2 is the projection operator that projects on to the heavy particle states. Writing
the Dirac spinor in terms of massive on-shell spinors jpi and jp] _, we dene on-shell
variables for the HPET spinor eld: 
jpvi
jpv]
!
=

I  =k
2m
 jpi
jp]
!
: (2.4)
The bold notation for the massive on-shell spinors was introduced in ref. [39], and represents
symmetrization over the little group indices. We refer to the on-shell variables of ref. [39] as
the traditional on-shell variables, and those introduced here as the on-shell HPET variables.
The on-shell HPET variables are labelled by their four-velocity v. We emphasize that
the relation between the traditional and HPET on-shell variables is exact in k=m. See
appendix A for conventions.
When working with heavy particles, the Dirac equation is replaced by the relation
=vuIv = u
I
v, which can be seen by multiplying the rst equation in eq. (2.3) by =v. This
relates the on-shell HPET variables in dierent bases through
v _ jpv]
_ = jpvi; v _ jpvi = jpv] _; (2.5a)
[pvj _v _ =  hpvj ; hpvjv _ =  [pvj _ : (2.5b)
We associate the momentum pv with the on-shell HPET spinors, where
=pv =
 
0 jpviI I [pvj
jpv]I Ihpvj 0
!
= mk=v; (2.6)
and
mk 

1  k
2
4m2

m: (2.7)
We see that the momentum pv is proportional to v, regardless of the residual momentum.
The momentum pv is related to the momentum p through
P+=pv = P+=pP+: (2.8)
The on-shell HPET variables naturally describe heavy particles in a context with no anti-
particles. To see this, note that the relation between the HPET spinor and the Dirac spinor
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in eq. (2.4) can be inverted [49]
uI(p) =

I  =k
2m
 1
uIv(p)
=
"
1 +
1
2m

1 +
k  v
2m
 1
(=k   k  v)
#
uIv(p): (2.9)
In the free theory, this corresponds to the relation between the elds in the full and eective
theories once the heavy anti-eld has been integrated out by means of its equation of
motion. Thus, eq. (2.3) is equivalent to integrating out heavy anti-particle states.
2.2 Reparameterization
There is an ambiguity in the choice of v and k in the decompositon of the momentum in
eq. (2.1). The momentum is invariant under reparameterizations of v and k of the forms
(v; k)! (w; k0) 

v +
k
m
; k   k

; (2.10)
where jkj=m 1 and (v+k=m)2 = 1. Given that observables can only depend on the to-
tal momentum, observables computed in heavy particle eective theories must be invariant
under this reparameterization [49{51]. In particular, the S-matrix is reparameterization
invariant.
The on-shell HPET variables transform under the reparameterization of the momentum
in eq. (2.10). The HPET spinors uIv(p) and u
I
w(p) are related through
uIv(p) =
1 + =v
2
uI(p)
=
1 + =v
2
"
1 +
1
2m

1 +
k0  w
2m
 1
(=k
0   k0  w)
#
uIw(p); (2.11)
where the second line is simply eq. (2.9) with (v; k) ! (w; k0). Rewriting this in terms of
the on-shell HPET variables, we nd
jpvi =

1  k
02
4m2
 1 
1  k
2
4m2
+
=k=k
4m2

jpwi   
=k
2m
jpw]

; (2.12a)
jpv] =

1  k
02
4m2
 1 
1  k
2
4m2
+
=k=k
4m2

jpw]  
=k
2m
jpwi

: (2.12b)
Similarly,
hpvj =

1  k
02
4m2
 1 
hpwj

1  k
2
4m2
+
=k=k
4m2

+ [pwj 
=k
2m

; (2.12c)
[pvj =

1  k
02
4m2
 1 
[pwj

1  k
2
4m2
+
=k=k
4m2

+ hpwj 
=k
2m

: (2.12d)
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The transformed spinors jpwi and jpw] are related to the traditional on-shell variables via
eq. (2.4), with the replacement k ! k0. This transformation is singular at the point where
the new residual momentum has magnitude squared k02 = 4m2. This pole is ubiquitous
when using these variables, and signals the point where uctuations of the matter eld are
energetic enough to allow for pair-creation. As we have integrated out the anti-particle
through eq. (2.3), such energies are outside the region of validity of this formalism. In fact,
the working assumption of the formalism is that the residual momentum is small compared
to the mass, so one would expect the formalism to lose predictive power well before this
point.
2.3 Spin operator
We identify the spin operator with the Pauli-Lubanski pseudovector,
S =   1
2m
pJ ; (2.13)
where J is the generator of rotations, p is the momentum with respect to which the
operator is dened, and m2 = p2. For our purposes, it will be convenient to choose p = pv :
this ensures that, irrespective of the value of the residual momentum, the momentum
pv = mkv
 will always be orthogonal to the spin operator. Thus, S is the spin vector of
a particle with velocity v and any value of residual momentum. With this choice for the
reference momentum, the spin-operator is
S =  1
2
vJ : (2.14)
Its action on irreducible representations of SL(2;C) is
(S)
 =
1
4
h
() _v
_   v _() _
i
; (2.15a)
(S) _ _ =  
1
4
h
() _v _   v _() _
i
: (2.15b)
These two representations of the spin-vector are related via
(S)
 = v _(S
) _ _v
_ ; (S) _ _ = v
_(S)
v _ : (2.16)
On three-particle kinematics, the spin-vector can be written more compactly by introducing
the x factor for a massless momentum q [39],
mxhqj  [qjp1; (2.17a)
) mx 1[qj = hqjp1: (2.17b)
Using this, when the initial residual momentum is k = 0, we can re-express the contraction
q  S as
(q  S) =
x
2
jqihqj; (2.18a)
(q  S) _ _ =  
x 1
2
jq][qj: (2.18b)
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For general initial residual momentum, we nd an additional term:
(q  S) =
1
4

2xjqihqj+ 1
m
[k; q]


; (2.19a)
(q  S) _ _ =  
1
4

2x 1jq][qj+ 1
m
[k; q] _ _

: (2.19b)
Note that eq. (2.19) reduces to eq. (2.18) when k = 0.
When choosing the reference momentum to be pv , we can identify the spin-vector
with the classical spin-vector of a Kerr black-hole with classical momentum pKerr =
m
mk
pv .
This is because the Lorentz generator in eq. (2.13) can be replaced with the black hole
spin-tensor S = J? which satises the condition [14, 52]
pKerrS = 0; (2.20)
known as the spin supplementary condition.
In ref. [38], the spin vector was dened as
Sv 
1
2
uv(p2)5
uv(p1); (2.21)
and it was found that this spin vector satised the relation
uv(p2)
uv(p1) =  2vSv : (2.22)
We can therefore relate these two denitions of the spin vector:
Sv = uv(p2)S
uv(p1) =  2h2vjSj1vi = 2[2vjSj1v]: (2.23)
Thus the two denitions are consistent, with one being the one-particle matrix element of
the other.
3 Three-point amplitude
We study in this section the on-shell three-point amplitudes of HPET. The main goal here
will be to express the most general three-point on-shell amplitude for two massive particles
(mass m, spin s) and one massless boson (helicity h) in terms of on-shell HPET variables.
Focusing on the minimal coupling portion of such an expression, we will be left with a
resummed form of the HPET three-point amplitude, valid for any spin. Moreover, we will
nd that a certain choice of the residual momentum results in the exponentiation of the
minimally coupled three-point amplitude.
In the traditional on-shell variables, the most general three-point amplitude for two
massive particles of mass m and spin s, and one massless particle with momentum q and
helicity h is [39]
M+jhj;s = ( 1)2s+h x
jhj
m2s
"
g0h21i2s + g1h21i2s 1xh2qihq1i
m
+   + g2s (xh2qihq1i)
2s
m2s
#
;
(3.1)
M jhj;s = ( 1)hx
 jhj
m2s
"
~g0[21]
2s + ~g1[21]
2s 1x 1[2q][q1]
m
+   + ~g2s
 
x 1[2q][q1]
2s
m2s
#
:
(3.2)
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The overall sign diers from the expression in ref. [39], due to our convention that p1 is
incoming. The positive helicity amplitude is expressed in the chiral basis, and the negative
helicity amplitude in the anti-chiral basis. The minimal coupling portion of this is the
amplitude with all couplings except g0 and ~g0 set to zero:
M+jhj;smin = ( 1)2s+h
g0x
+jhj
m2s
h21i2s; (3.3)
M jhj;smin = ( 1)h
~g0x
 jhj
m2s
[21]2s: (3.4)
Thus we see that expressing this in terms of on-shell HPET variables requires that we
convert the spinor products h21i, xh2qihq1i (and their anti-chiral basis counterparts) to
the on-shell HQET variables.
In the remainder of this section we take p1 = mv
 + k1 incoming, and q
 and p2 =
mv + k2 outgoing. With this choice of kinematics, the initial and nal residual momenta
are related by k2 = k

1   q. We can relate a spinor with incoming momentum to the
spinor with outgoing momentum using analytical continuation, eq. (A.15). Also, the x
factor picks up a negative sign when the directions of p1 or q are ipped, x!  x.
3.1 General residual momentum
We start by converting the s = 1=2 amplitude to on-shell HPET variables. Inverting
eq. (2.4) and simply taking the appropriate spinor products, we can relate the traditional
and HPET spinor products:
h21i = m
2
mk2mk1

mk1
m
h2v1vi+ 1
4m
[2vq]hq1vi+ x
 1
4m
[2vq][q1v]

; (3.5a)
h2qihq1i = m
2
4mk2mk1
 h2vqihq1vi+ x 1h2vqi[q1v] + x 1[2vq]hq1vi+ x 2[2vq][q1v] :
(3.5b)
Similarly, the spinor products in the anti-chiral basis become
[21] =
m2
mk2mk1

mk1
m
[2v1v] +
1
4m
h2vqi[q1v] + x
4m
h2vqihq1vi

; (3.6a)
[2q][q1] =
m2
4mk2mk1
 
[2vq][q1v] + x[2vq]hq1vi+ xh2vqi[q1v] + x2h2vqihq1vi

: (3.6b)
By substituting eqs. (3.6) and (3.5) in eqs. (3.3) and (3.4) for s = 1=2, the minimally
coupled amplitudes for positive and negative helicity become
M+jhj;s=
1
2
HPET,min = ( 1)1+hg0xjhj
m
mk2mk1

mk1
m
h2v1vi+ 1
4m
[2vq]hq1vi+ x
 1
4m
[2vq][q1v]

;
(3.7a)
M jhj;s=
1
2
HPET,min = ( 1)h~g0x jhj
m
mk2mk1

mk1
m
[2v1v] +
1
4m
h2vqi[q1v] + x
4m
h2vqihq1vi

;
(3.7b)
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One can expand the mki in powers of jkj=m, which is the characteristic expansion of
HPETs. These three-point amplitudes therefore provide a conjecture for the resummed
spin-1/2 HPET amplitude. Comparing the expansions of eq. (3.7) with that computed
directly from the spin-1/2 HPET Lagrangians, we have conrmed that they agree at least
up to O(m 2) for HQET, and O(m 1) for HBET.3 Some subtleties of the matching to the
Lagrangian calculation are discussed in appendix E.
The spin-dependence of these amplitudes can be made explicit by using the on-shell
form of q  S in eq. (2.19):
M+jhj;s=
1
2
HPET,min = ( 1)1+hg0xjhj
m
mk2mk1
h2vj

1  =v=k1=k2=v
4m2
+
q  S
m

j1vi; (3.8a)
M jhj;s=
1
2
HPET,min = ( 1)h~g0x jhj
m
mk2mk1
[2vj

1  =v=k1=k2=v
4m2
  q  S
m

j1v]: (3.8b)
Written in this way, it is immediately apparent how the k1 = 0 parameterization can be
obtained from the general case. We turn now to this scenario.
3.2 Zero initial residual momentum
We now consider the parameterization where k1 = 0 and k

2 =  q With zero initial
residual momentum, we can switch between the chiral and anti-chiral bases using eq. (2.5):
h2v1vi =  [2v1v]; (3.9a)
h2vqihq1vi = x 2[2vq][q1v]: (3.9b)
Recognizing eqs. (3.9a) and (3.9b) as directly relating spinless eects and the spin-vector
respectively in dierent bases, we see that, for this parameterization, spin eects are never
obscured by working in any particular basis. This is in contrast to the traditional on-shell
variables, where the analog to eq. (3.9a) includes a spin term, thus hiding or exposing spin
dependence when working in a certain basis. Thus we have gained a basis-independent
interpretation of spinless and spin-inclusive terms.
Either setting k1 = 0 in eq. (3.8), or applying eqs. (3.9a) and (3.9b) to eqs. (3.5)
and (3.6), the minimally coupled three-point amplitude with zero residual momentum is
obtained:
M+jhj;s=
1
2
HPET,min = ( 1)1+h
g0x
jhj
m
h
h2v1vi+ x
2m
h2vqihq1vi
i
; (3.10a)
M jhj;s=
1
2
HPET,min = ( 1)h
~g0x
 jhj
m

[2v1v] +
x 1
2m
[2vq][q1v]

: (3.10b)
Note the negative signs which come from treating p1 as incoming.
3Note that the power counting of the HBET operators starts one power of m higher than HQET, at
O(m). Thus both of these checks account for the operators up to and including NNLO.
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Three-point kinematics are restrictive enough when k1 = 0 that we can derive the
three-point amplitude in eq. (3.10) in an entirely dierent fashion. The full three-point
amplitude for a heavy spin-1=2 particle coupled to a photon can be written as4
A

 1 12 ;2 12 ; qh

= f(m; v; q)ev
h;
q uv(p2)uv(p1) + g(m; v; q)eq
h;q uv(p2)uv(p1):
(3.11)
The negative in the argument of the amplitude signies an incoming momentum. The
three-point operators in the HQET Lagrangian, as well as any non-minimal couplings,
modify the functions f and g, but there are no other spinor structures that can arise. We
therefore have two spinor contractions in terms of which we would like to express the spinor
brackets of interest. We proceed by writing the two contractions in terms of the traditional
on-shell variables, and equating this to the contractions expressed in terms of the on-shell
HPET variables. Working with, say, a positive helicity photon, this yields
v
+;
q uv(p2)uv(p1) =  
p
2xh2v1vi =   xp
2

  x
m
h2qihq1i+ 2h21i

; (3.12a)
uv(p2)uv(p1)q
+;q =
p
2ix2h2vqihq1vi =
p
2ix2h2qihq1i: (3.12b)
Solving for the traditional spinor products, we nd
h21i = h2v1vi+ x
2m
h2vqihq1vi; (3.13a)
h2qihq1i = h2vqihq1vi: (3.13b)
Similarly,
[21] = [2v1v] +
x 1
2m
[2vq][q1v]; (3.14a)
[2q][q1] = [2vq][q1v]: (3.14b)
Note that eqs. (3.13) and (3.14) decompose the spinor brackets into spinless and spin-
inclusive terms. Applying eq. (3.9), it is easy to check that this separation of dierent spin
multipoles is independent of the basis used to express the traditional spinor brackets.
With eqs. (3.12a) and (3.12b), we can rewrite eq. (3.11) as
A

 1 12 ;2 12 ; q+

=
p
2xe ( f(m; v; q)h2v1vi+ g(m; v; q)ixh2vqihq1vi) : (3.15)
The three-point amplitude in QED | with interaction term Lint = e  =A | for a positive
helicity photon is
AQED

 1 12 ;2 12 ; q+

= eu(p2)u(p1)
+;
q
=
p
2exh21i; (3.16)
4We use A to denote a Yang-Mills amplitude.
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where in the rst line we use Dirac spinors instead of HQET spinors. Substituting eq. (3.13a)
into the above equation gives
AQED

 1 12 ;2 12 ; q+

=
p
2ex

h2v1vi+ x
2m
h2vqihq1vi

: (3.17)
As abelian HQET is an eective theory derived from QED, it must reproduce the on-
shell QED amplitudes when all operators are accounted for. This means that eqs. (3.15)
and (3.17) are equal, so we can solve for the functions f and g:
f(m; v; q) =  1; (3.18a)
g(m; v; q) =
i
2m
: (3.18b)
As a consequence of eqs. (3.18a) and (3.18b), we conclude that only the leading spin and
leading spinless three-point operators of HQET are non-vanishing on-shell when k1 = 0.
Indeed, in this case the transfer momentum q is the only parameter that can appear in
the HQET operator expansion. In the three-point amplitude, it can only appear in the
scalar combinations q2 = 0 by on-shellness of the photon, v  q  q2 = 0 by on-shellness of
the quarks, or q  (q) = 0 by transversality of the polarization.
To sum up, we list the three-point amplitude for two equal mass spin-1/2 particles and
an outgoing photon for both helicities, and in both the chiral and anti-chiral bases:5
A+1;s= 12 =
p
2ex

h2v1vi+ x
2m
h2vqihq1vi

=  
p
2ex

[2v1v]  x
 1
2m
[2vq][q1v]

; (3.19a)
A 1;s= 12 =
p
2ex 1

h2v1vi   x
2m
h2vqihq1vi

=  
p
2ex 1

[2v1v] +
x 1
2m
[2vq][q1v]

;
(3.19b)
so g0 = ~g0 =
p
2em. When a graviton is emitted instead of a photon, we simply make the
replacement e!   m
2
p
2
and square the overall factors of x.
We can obtain the amplitude with general initial residual momentum by reparameter-
izing the states by means of eq. (2.12).
3.3 Most general three-point amplitude
Recall the most general three-point amplitude for two massive particles of spin s and mass
m and a massless boson with helicity h in the chiral basis, eq. (3.1):
M+jhj;s = ( 1)2s+h x
jhj
m2s
"
g0h21i2s + g1h21i2s 1xh2qihq1i
m
+   + g2s (xh2qihq1i)
2s
m2s
#
:
(3.20)
When expressing eq. (3.1) in terms of the on-shell HPET variables, setting the initial
residual momentum to zero, and applying the binomial expansion, we nd that
M+jhj;s3 = ( 1)2s+h
xjhj
m2s
2sX
k=0
gHs;kh2v1vi2s k
 x
2m
h2vqihq1vi
k
; gHs;k =
kX
i=0
gi

2s  i
2s  k

:
(3.21a)
5We abbreviate the arguments of the amplitude here, but still use p1 incoming.
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We can express this in the anti-chiral basis using eq. (3.9):
M+jhj;s3 =
xjhj
m2s
2sX
k=0
gHs;k( 1)k+h[2v1v]2s k

x 1
2m
[2vq][q1v]
k
: (3.21b)
The kth spin-multipole can be isolated by choosing the kth term in the sum. There are
2s+ 1 combinations of the spinor brackets in this sum, consistent with the fact that a spin
s particle can only probe up to the 2sth spin order term of the spin-multipole expansion.
Note also that the coecient of the spin monopole term is always equal to its value for
minimal coupling, making the monopole term universal in any theory.6
The minimal coupling amplitudes are those in eqs. (3.3) and (3.4), which correspond
to setting gi>0 = 0. Translating to the on-shell HPET variables, minimal coupling in
eqs. (3.21a) and (3.21b) corresponds to gHs;k = g0
 
2s
k

.
We can write the analogous expressions to eqs. (3.21a) and (3.21b) for a negative
helicity massless particle. Expressing eqs. (3.2) using eq. (3.14a) and (3.14b),
M jhj;s3 = ( 1)h
x jhj
m2s 1
2sX
k=0
~gHs;k[2v1v]
2s k

x 1
2m
[2vq][q1v]
k
; ~gHs;k =
kX
i=0
~gi

2s  i
2s  k

:
(3.22a)
Converting to the chiral basis,
M jhj;s3 =
x jhj
m2s
2sX
k=0
~gHs;k( 1)2s+h+kh2v1vi2s k
 x
2m
h2vqihq1vi
k
: (3.22b)
Minimal coupling in this case corresponds to ~gi>0 = 0, and thus ~g
H
s;k = ~g0
 
2s
k

.
3.4 Innite spin limit
Various methods have been used to show that the minimal coupling three-point amplitude
in traditional on-shell variables exponentiates in the innite spin limit [25, 32, 44]. All of
them require a slight manipulation of the minimal coupling to do so, with refs. [25, 32]
employing a change of basis between the chiral and anti-chiral bases, ref. [25] applying
a generalized expectation value, and refs. [32, 44] using a Lorentz boost | analogous
to the gauge-xing of the spin operator in ref. [14] | to rewrite the minimal coupling
amplitude. As the on-shell HPET variables inherently make the spin-dependence of the
minimal coupling manifest, the exponentiation of the three-point amplitude is immediate.
Consider the minimal coupling three-point amplitude for two massive spin s particles
and one massless particle:
M+jhj;s = ( 1)2s+h g0x
jhj
m2s
h2vj2s
2sX
k=0
(2s)!
(2s  k)!
 
x
2m jqihqj
k
k!
j1vi2s: (3.23)
6This is consistent with the reparameterization invariance of HQET, which xes the Wilson coecients
of the spinless operators in the HQET Lagrangian up to order 1=m [50]. As argued above, when the initial
residual momentum is set to 0, these are the only operators contributing to the spin monopole.
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The quantity in the sum is the rescaled spin-operator q  S=m for a spin s particle, raised
to the power of k and divided by k! [11],
q  S
m
n
=
(2s)!
(2s  n)!
 x
2m
jqihqj
n
; (3.24)
where we have suppressed the spinor indices. The amplitude is therefore
M+jhj;s = ( 1)2s+h g0x
jhj
m2s
h2vj2s
2sX
k=0

qS
m
k
k!
j1vi2s: (3.25)
We identify the sum with an exponential, with the understanding that the series truncates
at the 2sth term for a spin 2s particle:
M+jhj;s = ( 1)2s+h g0x
jhj
m2s
h2vj2seqS=mj1vi2s: (3.26)
Taking the innite spin limit, the exponential is exact as its Taylor series does not trun-
cate. We treat the exponential as a number in this limit and remove it from between the
spinors [32]:
lim
s!1M
+jhj;s = lim
s!1( 1)
2s+h g0x
jhj
m2s
eqS=mh2v1vi2s: (3.27)
Note that since the initial residual momentum is 0, both spinors are associated with the
same momentum. Then, using the on-shell conditions for these variables,7
lim
s!1M
+jhj;s = ( 1)hg0xjhjeqS=m: (3.28)
This amplitude immediately agrees with the three-point amplitude in refs. [25, 32]: it
is the scalar three-point amplitude multiplied by an exponential containing the classical
spin-multipole moments. Also notable is that the generalized expectation value (GEV) of
ref. [25] or the Lorentz boosts of refs. [32, 44] are not necessary here to interpret the spin
dependence classically.
For the emission of a negative helicity boson, the nth power of the spin-operator pro-
jected along the direction of the boson's momentum is
q  S
m
n
=
(2s)!
(2s  n)!

 x
 1
2m
jq][qj
n
: (3.29)
Starting with eq. (3.22a), the three-point amplitude exponentiates as
M jhj;s = ( 1)h ~g0x
 jhj
m2s
[2vj2se qS=mj1v]2s; (3.30)
7The validity of using the on-shell conditions can be checked explicitly by rewriting the bracket in terms
of traditional on-shell variables, then boosting one of the momenta into the other as in ref. [44].
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with the exponential being truncated at the 2sth term. Taking the innite spin limit,
we nd
lim
s!1M
 jhj;s = lim
s!1( 1)
h ~g0x
 jhj
m2s
e qS=m[2v1v]2s: (3.31)
Applying the on-shell conditions for these variables, we get
lim
s!1M
 jhj;s = ( 1)h~g0x jhje qS=m: (3.32)
Once again we nd the scalar three-point amplitude multiplied by an exponential containing
the classical spin dependence.
That the exponentials in this section are functions of q  S instead of 2q  S, as is the
case when the traditional on-shell variables are navely exponentiated | that is, without
normalizing by the GEV, or Lorentz boosting one of the spinors | is signicant. We
discuss the implications of this in the next section.
4 Kerr black holes as heavy particles
In this section, we apply the on-shell HPET variables to the classical gravitational scat-
tering of two spinning black holes. We show that, with the correct momentum parameter-
ization, a heavy spin-s particle minimally coupled to gravity possesses precisely the same
spin-multipole expansion as a Kerr black hole, up to the order 2s multipole. The reason
for this is that on-shell HPET variables for a given velocity v, residual momentum k,
and mass m always correspond to momenta mkv
, where mk is dened in eq. (2.7).
We begin with a brief review of the eective eld theory for spinning gravitating bodies.
The action of a particle interacting with gravitational radiation of wavelength much larger
than its spatial extent (approximately a point particle) was formulated in ref. [12]. The
generalization to the case of spinning particles was rst approached in ref. [13]. The eective
action formulated in ref. [14] takes the form
S =
Z
d

 m
p
u2   1
2
S

 + LSI[u
; S ; g(x
)]

; (4.1)
where  parameterizes the wordline of the particle, u = dx

d is the coordinate velocity, S
is the spin operator, 
 is the angular velocity, and LSI contains higher spin-multipoles
that are dependent on the inner structure of the particle through non-minimal couplings.
The rst two terms in eq. (4.1) are the spin monopole and dipole terms, and are uni-
versal for spinning bodies with any internal conguration. We assign to them respectively
the coecients CS0 = CS1 = 1. From an amplitudes perspective, the universality of the
spin-monopole coecient can be seen from the on-shell HPET variables since the coecient
of the spin-monopole term in eqs. (3.21a) and (3.22a) is always equal to its minimal cou-
pling value. The universality of the spin-dipole coecient was argued in refs. [11, 45] from
general covariance, and by requiring the correct factorization of the Compton scattering
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amplitude. Explicitly, the higher spin-multipole terms LSI are
LSI =
1X
n=1
( 1)n
(2n)!
CS2n
m2n 1
D2n : : : D3
E12p
u2
S1S2 : : : S2n
+
1X
n=1
( 1)n
(2n+ 1)!
CS2n+1
m2n
D2n+1 : : : D3
B12p
u2
S1S2 : : : S2n+1 : (4.2)
See ref. [14] for the derivation and formulation of this action. The Wilson coecients CSk
contain the information about the internal structure of the object, with a Kerr black hole
being described by CKerr
Sk
= 1 for all k.
The three-point amplitude derived from this action was expressed in traditional spinor-
helicity variables in refs. [11, 45], where it was shown that the spin-multipole expansion
is necessarily truncated at order 2s when the polarization tensors of spin s particles are
used. By matching this three-point amplitude with the most general form of a three-point
amplitude, it was found there that in the case of minimal coupling one obtains the Wilson
coecients of a Kerr black hole in the innite spin limit. Following their derivation, but
using on-shell HPET variables instead, we nd (with all momenta incoming)
M+2;s =
X
a+bs
mx2
2m2s
CSa+bn
s
a;bh2 v1vis a

 x h2 vqihq1vi
2m
a
[2 v1v]s b

x 1
[2 vq][q1v]
2m
b
;
nsa;b 

s
a

s
b

: (4.3)
As in refs. [11, 45], we refer to this representation of the amplitude in a form symmetric in
the chiral and anti-chiral bases as the polarization basis. Flipping the directions of p2 and
q (to allow us to directly compare with eq. (3.21a)), then converting the polarization basis
to the chiral basis:
M+2;s = x
2
m2s
( 1)2s
X
a+b2s
m
2
CSa+bn
s
a;bh2v1vi2s a b
 x
2m
h2vqihq1vi
a+b
: (4.4)
Comparing with eq. (3.21a), we obtain a one-to-one relation between the coupling constants
of both expansions:
gHs;k =
m
2
CSk
kX
j=0
nsk j;j : (4.5)
Such a one-to-one relation is consistent with the interpretation of eq. (3.21a) as being a
spin-multipole expansion. Focusing on the minimal coupling case, we set gi>0 = 0, which
means gHs;k = g0
 
2s
k

. Normalizing g0 = m=2, the coecients of the one-particle eective
action for nite spin take the form
CminSk =

2s
k
24 kX
j=0

s
k   j

s
j
35 1 = 1: (4.6)
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The nal equality is the Chu-Vandermonde identity, valid for all k. This suggests that the
minimal coupling expressed in the on-shell HPET variables produces precisely the multipole
moments of a Kerr black hole, even before taking the innite spin limit.
Using the same matching technique, refs. [11, 45] showed that, when using traditional
on-shell variables, the minimal coupling three-point amplitude for nite spin s corresponded
to Wilson coecients that deviated from those of a Kerr black hole by terms of order
O(1=s). Why is it then that the polarization tensors of nite spin HPET possess the
same spin-multipole expansion as a Kerr black hole? Analyzing the matching performed
in refs. [11, 45], the s dependence there arises from the conversion of the polarization basis
to the chiral basis. The reason for this is that new spin contributions arise from this
conversion since the chiral and anti-chiral bases are mixed by two times the spin-operator:
h12i =  [12] + 1
xm
[1q][q2]; (4.7a)
[12] =  h12i+ x
m
h1qihq2i: (4.7b)
The second terms on the right hand sides of these equations encode spin eects, while the
rst terms were interpreted to be purely spinless. However, the left hand sides of these
equations contradict the latter interpretation; the spinor brackets h12i and [12] themselves
contain spin eects. This is the origin of the observed deviation from CKerr
Sk
: eq. (4.7), while
exposing some spin-dependence, does not entirely separate the spinless and spin-inclusive
eects encoded in the traditional minimal coupling amplitude. The result is the matching
of an exact spin-multipole expansion on the one-particle eective action side, to a rough
separation of dierent spin-multipoles on the amplitude side.
A similar mismatch to Kerr black holes was seen in ref. [32], where the minimal coupling
amplitude was shown to produce the spin dependence8
h21i =  [2je2qS=mj1]; (4.8)
where S is the Pauli-Lubanski pseudovector dened with respect to p1. Expanding the
exponential and noting that the series terminates after the spin-dipole term in this case,
it's easy to see the equivalence between this and eq. (4.7). The spin-dependence here diers
from that of a Kerr black hole by a factor of two in the exponential [25, 53]. Motivated by
arguments in ref. [14], an exact match to the Kerr black hole spin multipole expansion was
obtained in ref. [32] by noting that additional spin contributions are hidden in the fact that
the polarization vectors [2j and j1] represent dierent momenta. Writing [2j as a Lorentz
boost of [1j, the true spin-dependence of the minimal coupling bracket was manifested:
h21i   [1jeqS=mj1]; (4.9)
up to an operator acting on the little group index of [1j. The spin-dependence here matches
that of a Kerr black hole, and also matches what has been made explicit in section 3.4.
8Ref. [32] worked exclusively with integer spin. However the only adaptation that must be made to the
results therein when working with half integer spins is the inclusion of a factor of ( 1)2s =  1.
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Using a similar Lorentz boost, the authors of ref. [44] also showed that the minimal coupling
bracket indeed contains the spin-dependence of a Kerr black hole. We see that in the
absence of a momentum mismatch between the polarization states used, the full spin-
dependence is manifest, and the multipole expansion of a nite spin s particle corresponds
exactly to that of a Kerr black hole up to 2sth order.
This mismatch of momenta is avoided entirely when using on-shell HPET variables.
Recall that in general the momentum pv represented by on-shell HPET variables is
pv = mkv
: (4.10)
Working in the case where the initial residual momentum is zero, as in the rest of this
section, this reduces to simply mv _ for the case of pv;1. For pv;2, where p2 = p1   q and q
is the null transfer momentum,
pv;2 =

1  q
2
4m2

mv = mv: (4.11)
Consequently, although the initial and nal momenta of the massive particle dier by q,
the degrees of freedom are arranged in such a way that the external states j1vi and j2vi are
associated with the same momentum. This explains why we have recovered precisely the
Wilson coecients of a Kerr black hole. We identify this common momentum with that of
the Kerr black hole pKerr = mv
. From the point of view of spinor products, eq. (3.9) shows
that on-shell HPET variables provide an unambiguous and basis-independent interpreta-
tion of spinless and spin-inclusive spinor brackets. Thus, the entire spin dependence of the
minimal coupling amplitude is automatically made explicit, and is isolated from spinless
terms.
In the case of k1 6= 0, the three-term structure of the minimal coupling amplitude
spoils its exponentiation. The matching to the Kerr black hole spin-multipole moments is
therefore obscured, but is recovered in the reparameterization where k1 is set to 0. This
mismatching of the spin-multipole moments can be attributed to the fact that the polar-
ization tensors for the initial and nal states no longer correspond to the same momentum,
since generally mk1 q 6= mk1 .
A similar matching analysis has recently been performed in ref. [54] for the case of Kerr-
Newman black holes. It was also found there that minimal coupling to electromagnetism
reproduces the classical spin multipoles of a Kerr-Newman black hole in the innite spin
limit, when the matching is performed using traditional on-shell variables. Repeating
their analysis, but using on-shell HPET variables instead, we nd again that the classical
multipoles are reproduced exaclty, even for nite spin.
5 On-shell amplitudes
In this section, we compute electromagnetic and gravitational amplitudes for the scattering
of minimally coupled spin-s particles in on-shell HPET variables using eqs.(3.5), (3.6),
(3.13) and (3.14). Our goal in this section is two-fold: rst, we will show how spin eects
remain separated from spinless eects, at the order considered in this work, when using
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on-shell HPET variables. Second, we will exploit the explicit ~ dependence of eqs. (3.5)
and (3.6) to isolate the classical portions of the computed amplitudes. Given that the
momenta of the on-shell HPET variables always reduce to the momentum of a Kerr black
hole in the classical limit, we expect to recover the spin-multipoles of a Kerr black hole
in this limit. We show that, at tree-level, the spin dependence of the leading ~ portions
factorizes into a product of the classical spin-dependence at three-points. This is simply
a consequence of factorization for boson exchange amplitudes (a result that has already
been noted in ref. [32]). For same-helicity tree-level radiation processes this results from
a spin-multipole universality that we will uncover, and for the opposite helicity Compton
amplitude there will be an additional factor accounting for its non-uniqueness at higher
spins.9
5.1 Counting ~
Given that we will be interested in isolating classical eects, we summarize here the rules
for restoring the ~ dependence in the amplitude [30], and adapt these rules to the on-shell
variables.
Powers of ~ are restored in such a way so as to preserve the dimensionality of amplitudes
and coupling constants. To do so, the coupling constants of electromagnetism and gravity
are rescaled as e ! e=p~ and  ! =p~. Furthermore, when taking the classical limit
~! 0 of momenta, massive momenta and masses are to be kept constant, whereas massless
momenta vanish in this limit | for a massless momentum q, it is the associated wave
number q = q=~ that is kept constant in the classical limit. Thus each massless momentum
in amplitudes is associated with one power of ~. Translating this to on-shell variables, we
assign a power of ~ to each jqi, and a power of ~1  to each jq].10 Momenta that are
treated with the massless ~ scaling are
 photon and graviton momenta, whether they correspond to external or virtual par-
ticles;
 loop momenta, which can always be assigned to an internal massless boson;
 residual momenta [38].
Finally, we come to the case of spin-inclusive terms. When taking the classical limit ~! 0,
we simultaneously take the limit s!1 where s is the magnitude of the spin. These limits
are to be taken in such a way so as to keep the combination ~s constant. This means that
for every power of spin in a term, there is one factor of ~ that we can neglect when taking
the classical limit. Eectively, we can simply scale all powers of spin with one inverse power
of ~, and understand that ~ is to be taken to 0 wherever it appears in the amplitude.
9We contrast the factorization for radiation processes here with that in ref. [25] by noting that the entire
quantum amplitude was factorized there, whereas we show that the factorization holds also for the leading
~ contribution.
10The value of  can be determined by xing the ~ scaling of massless polarization tensors for each
helicity. Requiring that the dimensions of polarization vectors remain unchanged when ~ is restored results
in the democratic choice  = 1=2.
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As in ref. [38], we identify the components of an amplitude contributing classically to
the interaction potential as those with the ~ scaling
M ~ 3: (5.1)
Terms with more positive powers of ~ contribute quantum mechanically to the interaction
potential. Also, we use Mcl. to denote the leading ~ portion of an amplitude.
5.2 Boson exchange
We begin with the tree-level amplitudes for photon/graviton11 exchange between two mas-
sive spinning particles. We consider rst spin-1/2 | spin-1/2 scattering, to show that the
spin-multipole expansion remains explicit in these variables at four points. The classical
part of the amplitude can be computed by factorizing it into two three-point amplitudes.
To simplify the calculation, we are free to set the initial residual momentum of each massive
leg to 0, so we will need only eqs. (3.13) and (3.14). Letting particle a have mass ma and
incoming/outgoing momenta p1/p2, and particle b have mass mb and incoming/outgoing
momenta p3/p4, we nd for an exchanged photon
iAtree

 1
1
2
a ;2
1
2
a ; 3
1
2
b ;4
1
2
b

=
X
h
Atree

 1 12 ;2 12 ; qh
 i
q2
Atree

q h; 3 12 ;4 12

=   ie
2
q2

4!h2va1vaih4vb3vbi
  2
mb
p
!2   1 h2va1vaixbh4vbqihq3vbi
+
2
ma
p
!2   1 xah2vaqihq1vaih4vb3vbi
  !
mamb
xah2vaqihq1vaixbh4vbqihq3vbi

; (5.2)
where !  p1  p3=mamb = (xax 1b + x 1a xb)=2, va = p1=ma, vb = p3=mb, and negative
momenta are incoming. The x variables are dened as
xa =   [qjp1ji
mahqi ; x
 1
a =  
hqjp1j]
ma[q]
; (5.3a)
xb =
[qjp3ji
mbhqi ; x
 1
b =
hqjp3j]
mb[q]
: (5.3b)
The negative sign in the denitions of xa and x
 1
a account for the fact that the massless
boson is incoming to particle a.
11We will denote an amplitude involving photons by A, and one involving gravitons by M.
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The gravitational amplitude is computed analogously:
iMtree( 1
1
2
a ;2
1
2
a ; 3
1
2
b ;4
1
2
b ) =  
imamb
2
8q2

4
 
2!2   1 h2va1vaih4vb3vbi
  4!
ma
p
!2   1 xah2vaqihq1vaih4vb3vbi
+
4!
mb
p
!2   1 h2va1vaixbh4vbqihq3vbi
 (2!
2   1)
mamb
xah2vaqihq1vaixbh4vbqihq3vbi

: (5.4)
Both amplitudes agree with known results [5, 38, 55]. Furthermore, the amplitudes as
written are composed of terms which each individually correspond to a single order in the
spin-multipole expansion. All terms in these amplitudes scale as ~ 3, so these amplitudes
are classical in the sense mentioned in the previous section.
Using the exponential forms of the three-point amplitudes in section 3.4, we can write
down the boson-exchange amplitudes in the innite spin case. We nd the same result
in the gravitational case as ref. [32]. However we have obtained this result immediately
simply by gluing together the three-point amplitudes; we had no need to boost the external
states such they represent the same momentum. Omitting the momentum arguments, the
amplitudes are
lim
sa;sb!1
Asa;sbtree =  
2e2
q2
X

(! 
p
!2   1) exp

q 

Sa
ma
+
Sb
mb

; (5.5a)
lim
sa;sb!1
Msa;sbtree =  
2mamb
4q2
X

(! 
p
!2   1)2 exp

q 

Sa
ma
+
Sb
mb

: (5.5b)
The gravitational result corresponds to the rst post-Minkowskian (1PM) order amplitude.
5.3 Compton scattering
Our focus shifts now to the electromagnetic and gravitational Compton amplitudes. These
computations will enable the exploitation of the explicit ~ and spin-multipole expansions
to relate the classical limit ~ ! 0 and the classical spin-multipole expansion. Concretely,
we will show that the spin-multipole expansion of the leading-in-~ terms factorizes into a
product of factors of the classical spin-dependence at three-points.
First, consider the spin-s electromagnetic Compton amplitude with two opposite he-
licity photons, A( 1s;2s; q 13 ; q+14 ). To simplify calculations, we can set the initial residual
momentum to 0, so that p1 = mv
. Note that it is impossible to set both initial and nal
residual momenta to 0 simultaneously, so we will need eqs. (3.5) and (3.6). We perform the
computation by means of Britto-Cachazo-Feng-Witten (BCFW) recursion [56, 57], using
the [3; 4i-shift
j4^i = j4i   zj3i; j3^] = j3] + zj4]: (5.6a)
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Under this shift, two factorization channels contribute to this amplitude:
A( 1s;2s; q 13 ; q+14 ) =
A( 1s; q^ 13 ; P^ s13)A(2s; q^+14 ; P^ s13)
h3jp1j3]

P^ 213=m
2
+
A( 1s; q^+14 ; P^ s14)A(2s; q^ 13 ; P^ s14)
h4jp1j4]

P^ 214=m
2
: (5.7)
This shift avoids boundary terms for s  1 as z ! 1. When expressing the factorization
channels in terms of on-shell HPET variables, there is a question about whether new
boundary terms arise relative to the traditional on-shell variables for z ! 1, as would
generally be expected because of higher-dimensional operators present in EFTs. This is
not the case here, since eq. (2.9) shows that the denition of the on-shell HPET variables
accounts for the contributions from all higher order HPET operators. Another way to
see this is that, since the relation between the traditional and on-shell HPET variables is
exact, an amplitude must always have the same large z scaling for any shift when expressed
using the on-shell HPET variables as when expressed with the traditional on-shell variables.
Consider for example the spinor contraction part of the P13 factorization channel. In the
traditional variables, this is
h2P13iI I [P^131]; (5.8)
which scales as z when z !1. In the on-shell HPET variables:
m
mq3+q4

h2vP13viI+ 1
4m
[2v4]h4^P13viI+ 1
4mx^4
[2v4][4P^13v]I

hP13vjI

I  1
2mx^ 13
j3ih3j

j1vi:
(5.9)
Choosing appropriate reference vectors for x^ 13 and x^4 (j4] and j3i respectively), we recover
the unshifted x 13 and x4. Thus this also scales as z when z !1. All other factors involved
in the factorization channel are common to both sets of variables.
Adding the P13 and P14 factorization channels, we nd the spin-s Compton amplitude
A( 1s;2s; q 13 ; q+14 ) = ( 1)2sA( 10;20; q 13 ; q+14 )[4jp1j3i 2s

1  q3  q4
2m2
 2s


h31vi[42v]  h32vi[41v] + [43]
2m
h2v3ih31vi   h34i
2m
[2v4][41v]
2s
;
A( 10;20; q 13 ; q+14 ) =  
e2[4jp1j3i2
h4jp1j4]h3jp1j3] ; (5.10)
which is in agreement with the result in ref. [11] for QED when the massive spinors are
replaced with on-shell HPET spinors. In the gravitational case, we nd
M( 1s;2s; q 23 ; q+24 ) = ( 1)2sM( 10;20; q 23 ; q+24 )[4jp1j3i 2s

1  q3  q4
2m2
 2s


h31vi[42v]  h32vi[41v] + [43]
2m
h2v3ih31vi   h34i
2m
[2v4][41v]
2s
;
M( 10;20; q 23 ; q+24 ) =  
2[4jp1j3i4
8q3  q4h4jp1j4]h3jp1j3] : (5.11)
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Note the appearance of spurious poles for s > 1 in the electromagnetic case, and for s > 2
in the gravitational case, consistent with the necessarily composite nature of higher spin
particles [39].
Spin eects are isolated in the last two terms in parentheses. This can be seen in two
ways. The rst is to rewrite these last two terms in the language of ref. [25]:
M( 1s;2s; q 23 ; q+24 ) =
( 1)2s
m2s
M( 10;20; q 23 ; q+24 )

1  q3  q4
2m2
 2s
 h2vj2s
 
I+
1
2
i
q3;"
 
3;J

p1  " 3
+
1
2
i=v
q4;"
+
4;J

p1  "+4
=v
!2s
j1vi2s: (5.12)
Alternatively, as is more convenient for our purposes, the factorization into classical three-
point amplitudes can be made more visible by application of the Schouten identity to these
terms:
M( 1s;2s; q 23 ; q+24 ) =
( 1)2s
m2s
M( 10;20; q 23 ; q+24 )(N1 +N2)2s; (5.13a)
where
N1  h2vj

I+
(q4   q3)  S
mq3+q4

j1vi; (5.13b)
N2  h2vj

vj4]h3j p1  q4
mq3+q4 [4jp1j3i
+ j3i[4jv p1  q3
mq3+q4 [4jp1j3i

j1vi
= h2vj

vj4]h3j q3  q4
mq3+q4 [4jp1j3i
+
w  S
mq3+q4

j1vi; (5.13c)
and
w _  2p1  q3 j3i[4j _
[4jp1j3i ; w
_ = 2p1  q3 j4]
_h3j
[4jp1j3i : (5.13d)
N2 is the term that contributes spurious poles for high enough spins. The contraction w S
has been dened through eq. (2.15a). The momentum w scales linearly with ~, so the
contraction w  S does not scale with ~. Compared to this term, the rst term in N2 is
subleading in ~. Ignoring it in the classical limit, and noting that binomial combinatoric
factors must be absorbed into the spin-vector when it is raised to some power, the remaining
terms imply an exponential spin structure:
Mcl.( 1s;2s; q 23 ; q+24 ) =
( 1)2s
m2s
M( 10;20; q 23 ; q+24 )h2vj2sexp

(q4   q3 + w)  S
m

j1vi2s:
(5.14)
The same exponentiation holds in the electromagnetic case, with the spinless amplitude
above replaced by the corresponding spinless amplitude for QED.
The leading ~ scaling for these amplitudes is ~ 1 whereas nave counting of the vertices
and propagators says that the scaling should be ~ 2. The source of this discrepancy is
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interference between the two factorization channels, yielding a factor in the numerator of
p1  (~q3 + ~q4) = ~2q3  q4. It is thus possible for the nave ~ counting to over-count inverse
powers of ~, and hence overestimate the classicality of an amplitude. This has consequences
for the extension of these results to the emission of n bosons: factorization channels with a
cut graviton line are navely suppressed by one factor of ~ relative to those with cut matter
lines. The interference described here means that both factorizations may actually have
the same leading ~ behavior.
Consider now the same-helicity amplitudes. The two-negative-helicity amplitude for
spin-1 has been computed by one of the present authors in ref. [58] by shifting one massive
and one massless leg. Extending the amplitude found there to spin s,
A( 1s;2s; q 13 ; q 14 ) =
1
m2s
A( 10;20; q 13 ; q 14 )[21]2s; (5.15a)
A( 10;20; q 13 ; q 14 ) =
e2m2h34i2
h3jp1j3]h4jp1j4] : (5.15b)
We have replaced the coupling in ref. [58] with e2, as is appropriate for QED. Expressing
this in terms of on-shell HPET variables, we nd
A( 1s;2s; q 13 ; q 14 ) =
1
m2s
A( 10;20; q 13 ; q 14 )[2vj2s

I  (q3 + q4)  S
mq3+q4
2s
j1v]2s: (5.16)
The spin-dependence immediately becomes explicit after the change of variables. The
exponential spin structure is obvious:
A( 1s;2s; q 13 ; q 14 ) =
1
m2s
A( 10;20; q 13 ; q 14 )[2vj2sexp

 (q3 + q4)  S
mq3+q4

j1v]2s: (5.17)
When the gyromagnetic ratio g = 2, the arbitrary spin s = s1+s2 gravitational Comp-
ton amplitude is proportional to the product between the spin s1 and s2 electromagnetic
amplitudes [59{61]. As we have constructed the electromagnetic Compton amplitude using
the minimal coupling three-point amplitude, this condition is satised. The same-helicity
gravitational Compton amplitude is thus
M( 1s;2s; q 23 ; q 24 ) =
1
m2s
M( 10;20; q 23 ; q 24 )[2vj2sexp

 (q3 + q4)  S
mq3+q4

j1v]2s;
(5.18a)
M( 10;20; q 23 ; q 24 ) =
2
8e4
h3jp1j3]h4jp1j4]
q3  q4 A( 1
0;20; q 13 ; q
 1
4 )
2: (5.18b)
Analogous results hold for the emission of two positive helicity bosons:
A( 1s;2s; q+13 ; q+14 ) =
1
m2s
A( 10;20; q+13 ; q+14 )h2vj2sexp

(q3 + q4)  S
mq3+q4

j1vi2s; (5.19a)
A( 10;20; q+13 ; q+14 ) =
e2[34]2
h3jp1j3]h4jp1j4] ; (5.19b)
M( 1s;2s; q+23 ; q+24 ) =
1
m2s
M( 10;20; q+23 ; q+24 )h2vj2sexp

(q3 + q4)  S
mq3+q4

j1vi2s; (5.19c)
M( 10;20; q+23 ; q+24 ) =
2
8e4
h3jp1j3]h4jp1j4]
q3  q4 A( 1
0;20; q+13 ; q
+1
4 )
2: (5.19d)
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Taking the classical limit, we can simply replace mq3+q4 ! m to obtain the leading ~
behavior of these amplitudes.
To see that the spin-dependence of the leading ~ portions of the amplitudes in this
section factorize into a product of the three-point amplitudes, note that
[qi  S; qj  S] =  
 
v  q[iqj]  S   iqi qj J



= O(~); (5.20)
where square brackets around indices represent normalized anti-symmeterization of the
indices. We can thus combine exponentials and split exponentials of sums only at the cost
of subleading-in-~ corrections.
The on-shell HPET variables have made it immediate that the spin exponentiates in
the same-helicity Compton amplitudes, and this exponentiation is preserved in the ~! 0
limit. In the opposite helicity case, the composite nature of higher spin particles can be
seen to inuence dynamics already at the leading ~ level. It does so through the contraction
w S for the unphysical momentum w, which appears in a spin exponential in the leading
~ term. The focus in this section has been on the emission of two bosons, but we will now
show that the exponentiation in the same-helicity case extends to the n bosons scenario.
5.4 Emission of n bosons
We can generalize the exponentiation of the spin observed in the same-helicity Compton
amplitudes. In particular, focusing on integer spins for simplicity, we show that for the
tree-level emission of n same-helicity bosons with a common helicity h from a heavy spin-s
particle, the amplitude satises
M sn+2 =
( 1)nh
m2s
M s=0n+2h2vj2sexp
"
1
mq
h
jhj
nX
i=1
qi  S
#
j1vi2s (5.21)
=
( 1)nh
m2s
M s=0n+2[2vj2sexp
"
1
mq
h
jhj
nX
i=1
qi  S
#
j1v]2s:
We use q Pni=1 qi throughout this section. Once we have proven the rst line, the second
follows from the fact that the velocity commutes with the spin-vector. The easiest way to
proceed is inductively, constructing the n+2 point amplitude using BCFW recursion. The
cases n = 1; 2 were the focus of previous sections. Note that the result holds for n = 1
even when k1 6= 0, since a non-zero k1 results in an additional subleading O(~2) term.
First, note that when expressed in terms of traditional on-shell variables, the spin
dependence in eq. (5.21) is simply
h21i2s = h2vj2sexp

q  S
mq

j1vi2s = [2vj2sexp

q  S
mq

j1v]2s; for h > 0; (5.22a)
[21]2s = [2vj2sexp

 q  S
mq

j1v]2s = h2vj2sexp

 q  S
mq

j1vi2s; for h < 0: (5.22b)
Thus the problem becomes to prove that the spin dependence is isolated in these spinor
contractions. Having already proven this for the base cases, let us now assume it holds up
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to the emission of n  1 bosons and show that this implies the relations for the emission of
n bosons. Constructing the n + 2-point amplitude using BCFW, the amplitude takes the
general form
M sn+2 =
n 1X
k=1
X
(k)
"
M^ s;I(k);k+2
iIJ
P 21;(k)
M^ s;J(n k);n k+2 +
X
h=
M^ s;h(k);k+3
i
P 20;(k)
M^ h(n k);n k+1
#
;
(5.23)
where P1;(k)  p1 +
Pk
i=1 q(i;(k))  p1 + P0;(k). The permutations (k) and (n   k)
account for all the ways of organizing the boson legs into k+2 and n k+2 point amplitudes,
in which shifted legs are never in the same sub-amplitude. (i; (k)) denotes the ith index
in the permutation (k). The notation M^ reminds us that the sub-amplitudes are functions
of shifted momenta. The rst term in eq. (5.23) represents factorizations where a massive
propagator is on-shell, whereas the second accounts for a massless propagator going on-shell
| h in this second term is the helicity of the cut boson.
We will treat each term in eq. (5.23) separately. We begin with the rst term, which is
the only contribution for QED. For the case of n positive-helicity bosons, we shift j1] and,
say, jq1i as in ref. [58]. Then, applying the induction hypothesis, this term is
( 1)nh
m4s
n 1X
k=1
X
(k)
M^ s=0;I(k);k+2
i
P 21;(k)
M^ s=0;J(n k);n k+2h2P^ I1;(k)i2shP^1;(k)I1i2s
=
( 1)nh
m2s
h21i2s
n 1X
k=1
X
(k)
M^ s=0;I(k);k+2
i
P 21;(k)
M^ s=0;J(n k);n k+2 : (5.24)
The case of n negative-helicity bosons can be shown similarly by shifting j1i and, say, jq1].
In particular, choosing an appropriate shift of one massive and one massless leg results in
no massive shift appearing in the sub-amplitudes. Applying eq. (5.22) to this, the form of
the rst term in eq. (5.23) is therefore
( 1)nh
m2s
h2vj2sexp
"
1
mq
h
jhj
nX
i=1
qi  S
#
j1vi2s
n 1X
k=1
X
(k)
M^ s=0(k);k+2
i
P 21;(k)
M^ s=0(n k);n k+2 : (5.25)
The remaining sum here is the BCFW form of the amplitude for n-photon emission from
a massive scalar. Thus we have proven eq. (5.21) for the photon case.
The non-linear nature of gravity allows contributions from the second term in eq. (5.23).
The contribution of this term to the amplitude is predictable for unique-helicity congura-
tions. The only non-vanishing factorization channels will involve the product of (n 1) + 2
point amplitudes with n  1 same-helicity gravitons, and a three-graviton amplitude with
one distinct helicity graviton, which is the cut graviton. For example, consider the all-plus
helicity amplitude. Applying the induction hypothesis,
n 1X
k=1
X
(k)
X
h=
M^s;h(k);k+3
i
P 20;(k)
M^ h(n k);n k+1

cl.
=
X
(n 2)
M^s;+(n 2);n+1
i
P 20;(n 2)
M^ (2);3

cl.
=
1
m2s
h2vj2sexp
"
1
mq
nX
i=1
qi  S
#
j1vi2s
X
(n 2)
M^s=0;+(n 2);n+1
i
P 20;(n 2)
M^ (2);3: (5.26)
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We have used momentum conservation to write the cut momentum in terms of the sum of
the momenta of the gravitons in the all-graviton subamplitude. The argument is identical
in the all-negative case. Adding eqs. (5.25) and (5.26) and identifying the remaining sums
of sub-amplitudes as the scalar amplitude for the emission of n+ 2 gravitons, we nd
Msn+2 =
1
m2s
Ms=0n+2h2vj2sexp
"
1
mq
h
jhj
nX
i=1
qi  S
#
j1vi2s (5.27)
=
1
m2s
Ms=0n+2[2vj2sexp
"
1
mq
h
jhj
nX
i=1
qi  S
#
j1v]2s:
In amplitudes where this spin universality is manifest, we can eliminate the dependence
on the specic states used by taking the innite spin and classical limits of the result,
lim
s!1
~!0
M sn+2 = M
s=0
n+2 exp
"
1
m
h
jhj
nX
i=1
qi  S
#
; (5.28)
where we have used that lim~!0 p

v;2 = lim~!0 p

v;1 = mv
 to apply on-shell conditions.
This makes contact between the classical limit of the kinematics, and the classical spin
limit: for tree-level same-helicity boson emission processes, the spin dependence of the
leading-in-~ term factorizes into factors of the classical three-point spin-dependence.
6 Summary and outlook
We have presented an on-shell formulation of HPETs by expressing their asymptotic states
as a linear combination of the chiral and anti-chiral massive on-shell helicity variables of
ref. [39]. This expression automatically takes into account the innite tower of higher-
dimensional operators present in HPETs, which result from the integrating out of the
anti-eld. The variables dened in this manner possess manifest spin multipole and ~
expansions. Consequently, using the most general three-point amplitude of ref. [39], we
have been able to derive a closed form for the amplitude arising from the sum of all three-
point operators in an arbitrary spin HPET. This form of the amplitude has been checked
explicitly up to NNLO in the operator expansion of spin-1/2 HQET and HBET. We will
also show in appendix E that the extension to higher spins is suitable for describing the
three-point amplitude for zero initial residual momentum for a heavy spin-1 particle coupled
to electromagnetism.
We have shown that the spin-multipole expansion of minimally coupled heavy particles
corresponds exactly to a truncated Kerr black hole expansion when the initial residual
momentum is set to zero. This has been done in two ways. First, we exponentiated the
spin dependence of the minimally coupled three-point amplitude in section 3.4. Doing so
directly produced the same spin exponential as that in refs. [25, 53] for a Kerr black hole
coupled to a graviton. Unlike previous approaches, no further manipulation of the three-
point amplitude was needed to match to refs. [25, 53]. An exact match to all spin orders
was achieved in the innite spin limit. An alternative approach to matching the Kerr
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black hole multipole moments was carried out in refs. [11, 45], by matching to the EFT of
ref. [14]. Following this matching procedure but using on-shell HPET variables, an exact
match to the Kerr black hole Wilson coecients was achieved without the need to take an
innite spin limit. The reason that the three-point amplitude in on-shell HPET variables
immediately matches the Kerr black hole multipole expansion is that the heavy spinors
representing the initial and nal states are both associated with the same momentum,
which is identied with that of the black hole.
We set out to provide a framework that would enable the extension of HPETs to
higher spins, and to enable the application of HPETs to the computation of higher order
classical amplitudes. As a step in this direction, we applied recursion relations to the
minimal coupling amplitude for heavy particles to build arbitrary-spin higher-point tree
amplitudes. Doing so, we showed that the explicit ~ and spin multipole expansions at
three points remained manifest in all amplitudes considered. We also easily constructed
the tree-level boson exchange amplitude to all orders in spin for QED and GR, without
having to further manipulate the states to produce the correct classical black hole spin
multipole expansion.
Moving on to radiative processes, we showed that the same-helicity electromagnetic
and gravitational Compton amplitudes exhibit a spin universality: they can be written as
M s4 = M
s=0
4 h2vj2sexp
"
1
mq1+q2
h
jhj
2X
i=1
qi  S
#
j1vi2s: (6.1)
This universality extends to the emission of n same-helicity bosons (eq. (5.21)). In the four-
point opposite-helicity case, a similar exponential was obtained only in the classical limit.
However the sum in the exponential also included an unphysical momentum contracted
with the spin, representing the non-uniqueness of the amplitude for large enough spins.
It would be interesting to examine whether the opposite-helicity amplitude possesses an
n-boson extension analogous to eq. (5.21). Another natural extension is to study how the
leading ~ behaviour changes when a second matter line is included in radiation processes;
this is relevant to the understanding of non-conservative eects in spinning binaries. The
understanding of radiative processes is paramount to the PM amplitude program, as the
construction of higher PM amplitudes using unitarity methods requires knowledge of tree-
level radiative amplitudes. Combining radiative amplitudes with the ~ counting of the
on-shell HPET variables in a unitarity-based approach, the classical limits of amplitudes
can be easily identied and taken before integration to simplify computations of classical
loop amplitudes including spin.
Because of the topicality of the subject, we have focused in the main body of this paper
on the application of these variables to their interpretation as spinning black holes and the
construction of classical tree-level amplitudes. Nevertheless, they are equally applicable
to the QCD systems which HQET was formulated to describe. Moreover an on-shell
perspective is useful for the understanding of HPETs as a whole. Indeed, we take an
on-shell approach in the appendices to make further statements about HPETs.
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A Conventions
We list here our conventions for reference. In the Weyl basis, the Dirac gamma matrices
take the explicit form
 =
 
0 () _
() _ 0
!
; (A.1)
where  = (1; i),  = (1; i), and i are the Pauli matrices. The gamma matrices
obey the Cliord algebra f; g = 2 . We use the mostly minus metric convention,
 = diagf+; ; ; g. The fth gamma matrix is dened as
5  i0123 =
 
 I 0
0 I
!
: (A.2)
The generator of Lorentz transforms is
J =
i
4
[;  ]: (A.3)
We express massless momenta in terms of on-shell variables:
q _  q() _ = ~ _  ji[j _; (A.4a)
q _  q() _ = ~ _  j] _hj: (A.4b)
Here , _ are SL(2;C) spinor indices. Spinor brackets are formed by contracting the spinor
indices,
h12i  h1jj2i; (A.5)
[12]  [1j _j2] _: (A.6)
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For massive momenta, we have that
p _ = 
I~ _I  jiI[j _I ; (A.7a)
p _ = ~ _I 
I  j] _I hjI ; (A.7b)
where I is an SU(2) little group index. Spinor brackets for massive momenta are also
formed by contracting spinor indices, identically to the massless case. We also use the
bold notation introduced in ref. [39] to suppress the symmetrization over SU(2) indices in
amplitudes:
h2q1ih2q2i 
(
h2Iq1ih2Jq2i I = J;
h2Iq1ih2Jq2i+ h2Jq1ih2Iq2i I 6= J:
(A.8)
The Levi-Civita symbol, used to raise and lower spinor and SU(2) little group indices,
is dened by
12 =  12 = 1: (A.9)
Spinor and SU(2) indices are raised and lowered by contracting with the second index on
the Levi-Civita symbol. For example,
I = IJJ ; I = IJ
J : (A.10)
The on-shell conditions for the massive helicity variables are
IJ = m
I
J ; 
I
J =  mIJ ; IJ = mIJ ; (A.11a)
~I_
~ _J =  mIJ ; ~I_~ _J = mIJ ; ~ _I~ _J =  mIJ : (A.11b)
Given eq. (2.4), we can derive the on-shell conditions of the HPET variables, analogous
to eq. (A.11). We nd
Iv vJ = mk
I
J ; 
I
v v
J =  mkIJ ; vIvJ = mkIJ ; (A.12a)
~Iv _
~ _vJ =  mkIJ ; ~Iv _~ _Jv = mkIJ ; ~v _I~ _vJ =  mkIJ ; (A.12b)
where
mk 

1  k
2
4m2

m: (A.12c)
In appendix C we will decompose massive momenta into two massless momenta, as in
eq. (C.1). When identifying

1 = jai; 2 = jbi; (A.13a)
~ _1 = [aj _; ~ _2 = [bj _; (A.13b)
we use hbai = [ab] = m.
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On-shell variables can be assigned to the upper and lower Weyl components of a Dirac
spinor so that the spinors satisfy the Dirac equation [11],
uI(p) =
 

I
~ _I
!
; uI(p) =

 I ~ _I

; (A.14)
where p is expressed in terms of  and ~ as in eq. (A.7).
Using analytic continuation, under a sign ip of the momentum, the on-shell variables
transform as
j   pi =  jpi; j   p] = jp]; (A.15a)
which means
j   pvi = jp vi =  jpvi; j   pv] = jp v] = jpv]: (A.15b)
B Uniqueness of on-shell HPET variables
In this section, we address the question of uniqueness of the on-shell HPET variables as
dened in eq. (2.4). In particular, we relate the on-shell HPET variables jpvi and jpv] to
the traditional on-shell variables under two conditions:
1. The new variables describe a very massive spin-1/2 state that acts as a source for
mediating bosons, meaning that the velocity of the state is approximately constant.
Since the motion of the particle is always very closely approximated by its velocity,
we demand that the new variables satisfy the Dirac equation for a velocity v and
mass v2 = 1:
=vjpvi = jpv]; =vjpv] = jpvi: (B.1)
Clearly these relations can be scaled to give the state an arbitrary mass.
2. When describing a heavy particle with mass m and velocity v, the new variables
must reduce to the traditional on-shell variables with p = mv when k = 0.
We express the on-shell HPET variables in the basis of traditional on-shell variables:
jpvi = a(k)jpi+ = 1(k)jp]; (B.2a)
jpv] = b(k)jp] + = 2(k)jpi: (B.2b)
The fact that the functions a; b;  1;  2 can, without loss of generality, be assumed to
be functions of only k (and m) follows from on-shellness and the Dirac equation. Any
dependence on v must be either in a scalar form, v  v = 1 or v k =  k2=2m, or in matrix
form =v, which can be eliminated for =k=m using the Dirac equation for =p. This also means
that we can rewrite  1;2 = c1;2(k)k
, where the ci(k) are scalars and potentially functions
of k2. Moreover, given that a and b are functions only of k, they must also be scalars; the
only possible matrix combinations they can contain to preserve the correct spinor indices
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are even powers of =k, which would reduce to some power of k2. Condition 2 provides a
nal constraint on these four functions:
a(0) = b(0) = 1; (B.3a)
 1(0) =  2(0) = 0: (B.3b)
Since  i = ci(k)k
, the second line imposes that the ci(k) are regular at k = 0. From now
on we drop the arguments of these functions for brevity.
Applying condition 1 to eqs. (B.2), we derive relations among the four functions
a; b; c1; c2:
b = a; (B.4a)
c2 =   a
m
  c1: (B.4b)
The most general on-shell HPET variables are thus
jpvi = ajpi+ c1=kjp]; (B.5a)
jpv] = ajp] 
 a
m
+ c1

=kjpi: (B.5b)
The momentum associated with these states is
=pv =
 
0 jpviI I [pvj
jpv]I Ihpvj 0
!
= m
h
a2 + c1
 a
m
+ c1

k2
i
=v: (B.6)
The functions a and c1 cannot be constrained further by conditions 1 and 2. However we
can choose c1 =  a=2m to describe non-chiral interactions. Then, from an o-shell point
of view, the function a simply corresponds to the (potentially non-local) eld redenition
Q ! Q=a in the spin-1/2 HPET Lagrangian. We are free to redene our elds such that
a = 1. The nal result is
jpvi = jpi  
=k
2m
jp]; (B.7a)
jpv] = jp] 
=k
2m
jpi: (B.7b)
Thus we recover the on-shell HPET variables in eq. (2.4). We conclude that, up to scaling
by an overall function of k2, eq. (2.4) is the unique decomposition in terms of traditional
variables of non-chiral heavy particle states. The overall scalings correspond to eld redef-
initions in the Lagrangian formulation.
C Reparameterization and the little group
As is apparent from eq. (2.1), reparameterization transformations leave p unchanged. It
is therefore reasonable to expect that there exists a relation between reparameterizations
and the little group of p. There is indeed a relationship between innitesimal little group
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transformations of 
I and ~ _I and reparameterizations of the total momentum. The focus
of this section is the derivation of such a connection, which is easy to explore by employing
the so-called Light Cone Decomposition (LCD) [62, 63] of massive momenta.
The LCD allows any massive momentum to be written as a sum of two massless
momenta. That is, for a momentum p of mass m, there exist two massless momenta a
and b such that
p = a + b: (C.1)
When p is real, we can assume wihtout loss of generality that a and b are real as well,
since any imaginary components must cancel anyway. The condition p2 = m2 then implies
a  b = m2=2. Expressing this in on-shell variables,
p _ = 
I~ _I = jai[aj _ + jbi[bj _; (C.2a)
p _ = ~ _I 
I = ja] _haj + jb] _hbj: (C.2b)
This allows us to make the identications

1 = jai; 2 = jbi; ~ _1 = [aj _; ~ _2 = [bj _: (C.2c)
In the spirit of the momentum decomposition in eq. (2.1) we can break this up into a
large and a small part
p = a + b + (1  )a + (1  )b; (C.3)
where jj; jj  1. We identify
mv  a + b; k  (1  )a + (1  )b: (C.4)
Since v is a four-velocity, it must satify v2 = 1, which constrains  and  to obey  = 1.
Once we require this, the on-shell condition that 2mv  k =  k2 is automatically imposed.
Now, consider a reparameterization of the momentum as in eq. (2.10). We can use the
LCD to rewrite the shift momentum as
k = c + d; (C.5)
where jc + dj=m  1. For this to be a reparameterization, the new velocity v + k=m
must have magnitude 1, which means c and d must be such that
(a+ b)  (c+ d) =  c  d: (C.6)
Contracting the shift momentum with the gamma matrices and using the Schouten identity,
k _ =
2
m2
b  (c+ d)jai[aj _ + 2
m2
a  (c+ d)jbi[bj _
  [aj(=c + =d)jbi
m2
jai[bj _   [bj(=c +
=d)jai
m2
jbi[aj _: (C.7)
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Note that setting k = 0 is always allowed for an on-shell momentum by reparameterization:
indeed, choosing c = (1  )a and d = (1  )b trivially satises eq. (C.6).
Consider an innitesimal little group transformation of the on-shell variables W IJ
where W 2 SU(2). Then we can write
W IJ = IIJ + ijU jIJ ; (C.8)
where j are real and innitesimal parameters, and U jIJ is traceless and Hermitian. We
suppress the color index j below. Under this transformation, the on-shell variables trans-
form as [39]

I !W IJJ ; (C.9a)
~ _I ! (W 1)J I~ _J : (C.9b)
Up to linear order in the innitesimal parameter, the momentum transforms as
p _ = 
I~ _I ! (1 + iU11)1~ _1 + (1 + iU22)2~ _2 + iU211~ _2 + iU122~ _1
  iU211~ _2   iU122~ _1   iU111~ _1   iU222~ _2: (C.10)
Comparing with eq. (C.7), we would like to identitfy the following map to the reparame-
terization in eq. (2.10):
iU IJ ! RIJ  1
m
 
2b  km  [bj km jai
 [aj km jbi 2a  km
!
: (C.11)
The reparameterization matrix RIJ is inntesimal because of the appearance of k
=m
in each entry. Moreover, RIJ is traceless up to corrections of order O(k2=m2) because
of eq. (C.6). However, we cannot equate it to iU IJ because the latter is always anti-
Hermitian, whereas RIJ need not be. Indeed, when k
 is real RIJ is Hermitian, and
when k is imaginary it is anti-Hermitian. It can thus be seen that the condition for
equality is that k is imaginary:
k 2 iR) IIJ +RIJ 2 SU(2); (C.12)
where IIJ + RIJ induces the reparameterization in eq. (2.10). It is straightforward to
check that this quantity also has determinant 1, up to innitesimal corrections of or-
der O(k2=m2).
D Propagators
In ref. [64], massive on-shell variables were used to construct propagators for massive spin-
1/2 and spin-1 states. In this section, we use the on-shell HPET variables to do the same
for a spin s  2 state. We nd that the propagator for a heavy particle with spin s  2 is
Dsv(pv) = P
s N
s(pv)
p2  m2P
s; (D.1)
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where P s is the spin-s projection operator whose eigenstate is the HPET state, and N s(pv)
is the numerator of the propagator for a massive particle of that spin. By recognizing the
form of the numerator, this will allow us to extract the higher spin projection operators.
The methods used in this section can be applied to arbitrary spin, but become quite
cumbersome as the number of little group invariant objects that must be computed grows
as s+ 1=2 for half-integer spins, and as s for integer spins. Nevertheless, we are able to use
our results to conjecture projection operators for any spin.
Spin-1/2. We begin with the spin-1/2 propagator, which can be constructed as
1
p2  m2
" 
jpIvi
jpIv]
!
IJ

h pJv j [ pJv j
#
= P+
2mk
p2  m2P+ = P+
1
=p mP+: (D.2)
We do indeed recover the projection operator for a heavy spin-1/2 eld.
Spin-1. We can do the same for a massive spin-1 eld. In this case, we posit that the
polarization vector is obtained by replacing p! pv and m! mk in the usual polarization
vector:
"IJv;(p) =
1
2
p
2mk
(hpIvjjpJv ] + hpJv jjpIv]): (D.3)
It is straightforward to see that the polarization vector satises the requisite condition on
the heavy spin-1 particle, v  "IJv = 0 for p = mv + k, as well as the orthonormality
condition
"IJv  "LKv =  
1
2
(ILJK + IKJL): (D.4)
The heavy spin-1 propagator is
1
p2  m2

"IJv;(p)IKJL"
LK
v; ( p)

= (g
   vv) g + vv
p2  m2 (g

   vv) : (D.5)
From this we can read o that the operator projecting onto the heavy spin-1 particle is
P  in appendix E.
Spin-3/2. The spin-3/2 polarization tensor is
"IJKv; (p) = "
(IJ
v;u
K)
v =
1p
2mk
hp(Iv jjpJv ]
 
jpK)v i
jpK)v ]
!
; (D.6)
where the round brackets around sets of indices denote normalized symmetrization over
the indices. Using the symmetry of the spin-1 polarization vector in its little group indices,
we have that
"IJKv; (p) =
1
3
 
"IJv;u
K
v + "
JK
v;u
I
v + "
IK
v;u
J
v

: (D.7)
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The propagator is
1
p2  m2

"IJKv; (p)IAJBKC"
ABC
v; ( p)

=
1
p2  m2
1
3
 
"IJv;"v;IJu
K
v uv;K + 2"
IJ
v;"v;IKu
K
v uv;J

=  P+P ; 2mk
p2  m2

g   1
3
   1
3
(=vv + v=v)

P ;P+: (D.8)
We recognize the quantity between the projection operators as the propagator for a massive
spin-3/2 particle with momentum mkv
 [65, 66]. The heavy spin-3/2 projection operator
can thus be identied as
P1
2
;   P+P

  : (D.9)
Spin-2. The spin-2 polarization tensor is
"I1J1I2J2v;12 (p) = "
(I1J1
v;1 "
I2J2)
v;2 =
1
2m2k
hp(I1v j1 jpJ1v ]hpI2v j2 jpJ2)v ]: (D.10)
Using the symmetry of each spin-1 polarization vector in its little group indices, we nd that
"I1J1I2J2v;12 (p) =
1
3

"I1J1v;(1"
I2J2
v;2)
+ "I1I2v;(1"
J1J2
v;2)
+ "I1J2v;(1"
I2J1
v;2)

: (D.11)
The propagator is
1
p2  m2
h
"I1J1I2J2v; (p)I1K1J1L1I2K2J2L2"
K1L1K2L2
v; ( p)
i
=
1
p2  m2
1
3

"I1J1v;( "
I2J2
v;) "v;I1J1"v;I2J2 + 2"
I1J1
v;( "
I2J2
v;) "v;I1J2"v;I2J1

=
1
p2  m2P ;0P ;0

 1
2
(P
00
  P
00
  + P
00
  P
00
  ) +
1
3
P
00
  P
00
 

P ;0P ;0 :
(D.12)
The quantity in square brackets is the numerator of the massive spin-2 propagator with
momentum mkv
 [67]. We therefore identify the heavy spin-2 projection operator:
P;   P  P  : (D.13)
D.1 Spin-s projection operator
Based on the above discussion, as well as the properties of a general spin heavy eld, we
conjecture the projection operator for a spin-s eld. An integer spin-s eld Z1:::s must
be symmetric and traceless [68]. When the mass of the particle is very large, the particle
component Z must satisfy [69]
v1Z1:::s = 0: (D.14)
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By symmetry, this condition holds regardless of the index with which the velocity is con-
tracted. The general spin-s projection operator for a eld satisfying eq. (D.14), and which
reduces to the above cases for s = 1 and s = 2 is
P11;:::;ss  =
sY
i=1
Pii  : (D.15)
The integer spin projection operator is simply a product of spin-1 projection operators.
A half-integer spin-(s+ 1=2) eld 	1:::s must be symmetric and -traceless [70],
1	
1:::s = 0: (D.16)
Symmetry ensures that the condition holds for any index the  matrix is contracted with.
When the mass of the eld becomes very large, its particle component Q must satisfy [69]
=vQ1:::s = Q1:::s : (D.17)
These constraints also imply, among other things, the v-tracelessness of the heavy eld. The
general spin-(s+ 1=2) projection operator that results in a eld satisfying these conditions,
and that reduces to the above cases for spin-1/2 and spin-3/2, is
P11;:::;ss1
2
;   P+P
11;:::;ss
  : (D.18)
From this we see that knowledge of the spin-1/2 heavy particle states is enough to construct
the polarization tensors and projection operators for higher spin states. In this sense,
HPETs are unied in terms of the basic building blocks in eq. (2.4).
E Matching to HPET Lagrangians
In this section, we address the matching of on-shell amplitudes to those derived from HPET
Lagrangians. First, there is a subtlety that must be accounted for when matching the
minimal coupling in eqs. (3.5) and (3.6) to an HPET Lagrangian. We focus the discussion
of this to the case of spin-1/2 HPET. Next, we conrm explicitly that the general spin three-
point amplitude derived from the Zeeman coupling in ref. [11] reproduces the amplitude
derived from spin-1 abelian HQET when expressed using on-shell HPET variables.
E.1 Matching spin-1/2 minimal coupling
For any quantum eld theory, the form of the Lagrangian that produces a given S-matrix
is not unique: indeed the S-matrix is invariant under appropriate redenitions of the
elds composing the Lagrangian [71]. Generally, a eld redenition will alter the Green's
function for a given process. To relate the Green's functions of two forms of a Lagrangian,
the relation between both sets of external states must be specied. The same holds for
HQET, which has been presented in various forms in the literature.
Fortunately, the denition of the heavy spinors in eq. (2.3) species for us the form of
the spin-1/2 HPET Lagrangian whose external spinors are expressible as such. By inverting
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eq. (2.3), we see that the eld redenition converting the full theory to its HPET form must
reduce to
 (x) = e imvx

1 + =v
2
+
1  =v
2
1
iv  @ + 2mi=@

Qv(x); (E.1)
in the free-eld limit. For spin-1/2 HQET, this means we must match the minimal coupling
to the Lagrangian in the form
Ls=
1
2
HQET =
Qiv DQ+ Qi =DP  1
2m+ iv Di =DQ: (E.2)
This form of the Lagrangian appears in e.g. ref. [51], and diers from the forms in refs. [38,
72] by the presence of a projection operator in the non-local term. The Lagrangian of
HBET presented in ref. [38] must similarly be modied to compare to the minimal coupling
amplitude. The suitable form for spin-1/2 HBET is
Ls=
1
2
HBET =
p g QiDQ+
p g
2m
QiDP 
1X
n=0
Gn[h]
F [h]n
mn
iDQ; (E.3a)
where
iD  ieaaD +mva(ea   a ); (E.3b)
and all other notation is described in ref. [38].
E.2 Matching spin-1 Zeeman coupling
We demonstrate explicitly the applicability of the on-shell HPET variables to spin-1 heavy
particle systems. To do so, we will show that the same variables are suitable for describing
the three-point amplitude arising from the Proca action. First, we note that a massive
spin-1 particle described by the Proca action has a gyromagnetic ratio g = 1 [42]. As such,
it should not be expected that the corresponding three-point amplitude matches with the
minimal coupling amplitude for s = 1. To understand which three-point amplitude we
should match with, we recast the three-point amplitude derived from the Zeeman coupling
in ref. [11] into on-shell HPET variables (with k1 = 0):
A+;s = g0x
m2s
h
h2v1vi2s + x sg
2m
h2v1vi2s 1h2v3ih31vi+ : : :
i
; (E.4)
where the dots represent higher spin multipoles. When g = 2 we recover the spin-dipole
term from 2s factors of the spin-1/2 minimal coupling amplitude. Setting s = g = 1 for
the Proca action,
A+;1 = g0x
m2
h
h2v1vi2 + x
2m
h2v1vih2v3ih31vi+ : : :
i
: (E.5)
This is the three-point amplitude that we expect from a very heavy spin-1 Proca particle.
Consider now the Proca Lagrangian for a massive vector eld B coupled to electro-
magnetism:
L =  1
4
F F
 +
1
2
m2BB
; (E.6a)
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where
F = DB  DB; DB = (@ + ieA)B ; (E.6b)
and A is the U(1) gauge eld. We now need a condition that splits the light component
B from the heavy (anti-eld) component ~B. Furthermore, the light component has to
satisfy vB = 0 [69]. The appropriate decomposition of the massive vector eld is
B = eimvxP  B ; (E.7a)
~B = eimvxP+ B ; (E.7b)
where P   g vv | this is the projection operator that has been derived explicitly in
appendix D | and P+  vv . Next, we substitute eq. (E.7) into the Proca Lagrangian,
and integrate out ~B using its equation of motion to nd
Ls=1HQET =  mB(iv D)B  
1
4
BB +
1
2
BDDB +O(m 1); (E.8)
where B = DB DB. Computing the three-point amplitude with this Lagrangian for
k1 = 0 and expressing it using on-shell HPET variables, we nd agreement with eq. (E.5)
for g0 =  em=
p
2. This supports the hypothesis that the on-shell information of spin-1/2
HPET is sucient to extend HPETs to higher spins.
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